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Introduction

This theorem has been developed for finding the divisibility tests for integers with the aim to
easy process.

Statement
For any odd integer ‘A’ not divisible by five,

If ‘A’ divides any number, one more than any multiple of ten, say A | 10x+1 (x€ I), then any
integer is divisible by ‘A’ if and only if the last digit of the dividendwhen multiplied by, ‘x’
increased or decreased by any multiple of ‘A’ including zero [X = Ak, (k€I)], and subtracted
from the remaining part of numbergives difference divisible by ‘A”’.

If ‘A’ divides any number, one less than any multiple of ten, say A | 10x-1 (x€ 1), then any
integer is divisible by ‘A’ if and only if the last digit of the dividend when multiplied by, ‘x’
increased or decreased by any multiple of ‘A’ including zero[x £ Ak, (k€I)], and added to the
remaining part of the number gives the sum divisible by ‘A’.

Proof

Proof For i- It is given that ‘A’ is any odd integer but notdivisible by five, ‘A’ divides any
number one more than a multiple of 10, A | 10x+1, (x€ 1)

Let the integer be an ‘(n+1)-digit’ integer=ananians...... ag = 10"a,+10"%a,.1+10™%a,.

Now,

10"a,+10™ ap 1+ ....... +10a; + ag

= 10[10" a,+10™2ap1 ... +ar]+ a

=10[10"a,+10™ %4 1+....... +ar]+ ag + (10x+1) ap—(10x+1)ag

=10[10"a,+10™ %4 1+....... +ap]+ ap + (10x+1) a—10xao - ao
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=10[10"a,+10™ %4 1+....... +a;] —10xap+ (10x+1)ag+ (ap-ag)
=10[10"'a,+10™%ap1+....... +a;-xaol+ (10x+1)ag (ii)
Using (i) & (ii), we get,

A | 10[10™a,+10™an.1+....... +as-xag] + (10x+1) ag
Clearly, A | (10x+1) ao[given thatA | (10x+1)]

Thus, ‘A’ must divide 10[10"*a,+10™%a,1+....... +a1-Xag]

= A[10[10™a,+10™ag1+....... +a1-Xag]

Since, A is not a multiple of 2 and 5.

= A does not divide 10

Thus, A | 10™a,+10™ a1+ ...... +a;-Xap

= Al apdnidna......a1—Xa

Since, A | Akag(k€T)

= A| andnidna......a1— Xagt Akag(k€l)
= A | anan_lan_z ...... a;— (X + Ak) ao

Therefore, A divides any integer if and only if the last digit (i.e. ag) when multiplied by, ‘x’
increased or decreased by any multiple of ‘A’ including zero [x £ Ak, (k€I)], and subtracted
from the remaining part of the number gives difference divisible by ‘A’. Where A | 10x+1

Proof For ii- It is given that ‘A’ is any odd integer but not divisible by five, A divides any
number one less than a multiple of 10,

Al 10x-1 (x€1)

Let the integer be an ‘(n+1)-digit’ integer = anan1dna...... ag = 10"a,+10™"a,.,+10"a,.

and A divides 10"a,+10" %, 1+....... +10%y

= A|10"a,+10™an1+....... +10%, @)
Now,

10"a,+10" a1+ ... +10%y

210[10”'1an+10”'2an.1+ ....... +az]+ag
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=10[10"a,+10™ %4 1+....... +ar]+ ag + (10x-1) ag—(10x-1)ag

:lO[lO”'lan+1O”'2an.1+ ....... +a1]+ ao- (10x-1) ag+ 10xap - ap
:lO[lO”'lan+1O”'2an.1+ ....... +a1] + 10xap - (10x-1)ap+ (ap-ao)
=10[10"a,+10™%ap1+....... +ajtxaol- (10x-1)a . (ii)

Using (i) & (ii), we get,

A|10[10™ a,+10" a1+ +ar+xa] - (10x-1) ag
Clearly, A | (10x-1) ag[given thatA | (10x-1)]

Thus, ‘A’ must divide 10[10"*a,+10™%a1+....... +ay+Xao)
Since, A is not a multiple of 2 and 5.

= A does not divide 10
= A|10[10" ay+10" a1 +....... +ar+xao]

Since, A is not a multiple of 2 and 5.

= A does not divide 10

Thus, A | 10™"a,+10"%ap1+....... +a1+Xag
= A| ap@n1dna......a1+ Xag

Since, A | Akag(ke€l)

= A | apdn-1an-2...... a; + Xapx Akao(k€l)
= A | apdn-1an-2...... a + (X + Ak) do

Therefore, A divides any integer if and only if the last digit (i.e. ag) when multiplied by ‘x’
increased or decreased by any multiple of ‘A’ including zero [x + Ak, (k€I)], and added to
the remaining part of the number gives sum divisible by ‘A’. Where A | 10x-1

EXAMPLE 1- Let us find the divisibility of 7 using the theorem.
Clearly, 7|21 (21=10-2+1)
In accordance with STATEMENT-1, [7 | 10x + 1], x=2

Therefore, any integer is divisible by 7 if and only if the last digit of the integer when
multiplied by 2 and subtracted from the remaining part of the number gives difference
divisible by 7.

CHECK: for the integer 3437
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343-2-7=329, 32-9-2=14

Clearly, 7 | 14

= 73437

Thus, 3437 is divisible by 7.

Further, in accordance with STATEMENT-1, by increasing x with a multiple of 7, we get,
x+7k =2+7k (K€D

let ‘’k’ be equal to -1

= 2+47k=2-7=-5

Therefore, any integer is divisible by 7 if and only if the last digit of the integer when
multiplied by -5 and subtracted from the remaining part of the number gives difference
divisible by 7 or if the last digit of the integer when multiplied by 5 and added to the
remaining part of the number gives sum divisible by 7.

CHECK: for the integer 3437

343+5-7=378, 37+5-8=77

Clearly, 7| 77

= 73437

Thus, 3437 is divisible by 7.

EXAMPLE 2- Let us find the divisibility of 13 using the theorem.
Clearly, 13|39, (13=10-4 - 1)

In accordance with STATEMENT-2, [13 | 10x - 1], x=4

Therefore, any integer is divisible by 13 if and only if the last digit of the integer when
multiplied by 4 and added to the remaining part of the number gives sum divisible by 13.

CHECK: for the integer 5967
596+4-7=624, 62+4-4=78,  T+4-8=39
Clearly, 13|39

= 13]5967

Thus, 5967 is divisible by 13.
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Further, in accordance with STATEMENT-2, by increasing x with a multiple of 13, we get,
x+7k =4+13k (k€I

let ‘’k’ be equal to -1

= 4+13k =4-13=-9

Therefore, any integer is divisible by 13 if and only if the last digit of the integer when
multiplied by -9 and added to the remaining part of the number gives sum divisible by 13
or if the last digit of the integer when multiplied by 9 and subtracted from the remaining
part of the number gives difference divisible by 13.

CHECK: for the integer 5967

596-9-7=533, 53-9-3=13

Clearly, 13| 13

Thus, 5967 is divisible by 13.

= 13]5967

EXAMPLE 3- Let us find the divisibility of 11 using the theorem.
Clearly, 7| 11 , (11=10-1+1)

In accordance with STATEMENT-1, [7 | 10x + 1], x=1

Therefore, any integer is divisible by 11 if and only if the last digit of the integer when
multiplied by 1 and subtracted from the remaining part of the number gives difference
divisible by 7 orif the last digit of the integer when subtracted from the remaining part of
the number gives difference divisible by 11.

CHECK: for the integer 47036
4703-6=4697, 469-7=462,  46-2=44,
Clearly, 11 | 44

= 11]47036

Thus, 47036 is divisible by 11.
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